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Abstract
The decay of a colour neutral 2-gluon system in qq¯ and 2q2q¯ has been simu-
lated with the Monte-Carlo method, taking into account a 1-gluon exchange in-
teraction between the emitted quarks folded with a 2-gluon density determined
self-consistently. Finite 2-gluon densities are formed with a mean square radius
< r2 > of about 0.4-0.5 fm2. By solving a relativistic Schro¨dinger equation the
binding potential of the 2-gluon system is computed, this is consistent with the con-
finement potential from lattice QCD. The deduced momentum distributions give
a good account of the tensor and scalar part of the gluon propagator determined
from lattice gauge calculations, indicating that this important quantity of QCD is
directly related to the 2-gluon densities discussed.
PACS/ keywords: 12.38.Aw, 12.38.Lg, 12.39.Mk, 02.70.Uu/ gluon-gluon fields in
QCD, effective gluon-exchange interaction, confinement potential, gluon propagator.
Quantum chromodynamics (QCD) is not well understood in the infrared region, where the
most important properties of the strong interaction are generated, the hadronic masses
and the confinement of quarks and gluons to hadrons. As perturbative methods can
generally not be applied, simulations of the QCD equations on the lattice [1] together
with studies of Dyson-Schwinger equations [2] offer the best known methods to study the
structure of QCD in the infrared region. However, because of their large complexity and
severe problems in the lattice simulations (due to discretisation, with small quark masses
and the need of a very high computing power) it is very difficult to reveil the underlying
structure of QCD. Therefore, alternative approaches are urgently needed, which allow a
more transparent understanding of the physics involved.
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We start from the fact, that the non-Abelian structure of QCD requires finite gluon-gluon
couplings of the form Aµ(x) Φ1(x−x
′) Aµ(x′) and Aµ(x)Φ
µ
2 µ(x−x
′)Aµ(x′), where the fields
Φ1(x−x
′) and Φ µ2 µ(x−x
′) are scalar and tensor fields, respectively (the two gluons couple
to spin 0+ or 2+). These fields are non-local, this is different from the local gluon gauge
fields Aµ(x). We assume, that these fields are represented by the wave functions of the
2-gluon system ψΦi(~r1−~r2) = [ψ1(~r1) ψ2(~r2)]Φi , where ψj(~rj) are the wave functions of the
two gluons coupled to the quantum numbers of the 2-gluon field Φi. We are interested in
such 2-gluon fields, which are gauge invariant; this means, that the gauge transformations
of the two gluon fields have to cancel each other. This is the case in the colour neutral
coupling, in which the colour rotations of the two gluon fields are opposite to each other.
However, in this configuration the gluons can decay in quark-antiquark pairs and may
not lead to stable fields. Only by a strong attraction of the emerging quarks by gluon
exchange these fields can be stabilized. Whether such self-stabilized 2-gluon fields are
formed is the central problem of our Monte-Carlo study.
There is already evidence for the existence of such scalar and tensor fields from the
formation of glueballs in pure Yang-Mills theory [3], from the mechanism of Pomeron-
exchange [4, 5] in high energy hadron-hadron scattering (which is understood by the
exchange of two non-perturbative gluons which couple mainly to spin=0), scalar excitation
of baryon resonances [6] and hadron compressibilities [7]. Finally, the effective confining
quark-quark interaction [8] contains a sizeable scalar contribution.
We shall show, that the derived 2-gluon densities are directly related to the confinement
potential, which has been studied extensively in potential models [8] and lattice simula-
tions [9, 10]. Further, our 2-gluon densities appear to have a direct relation to the gluon
propagator, one of the most basic quantities of QCD (see e.g. [11]). The gluon propa-
gator has been discussed in relation to the generation of mass [12], but its underlying
structure is still not well understood. In recent years it has been studied extensively in
lattice calculations using different gauges [13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. Also, de-
pending on the gauge chosen, strong ghost contributions have been found in the infrared
region [19, 20, 23, 24, 25].
Monte-Carlo simulations of gluon-gluon scattering have been performed in full relativistic
kinematics using the CERN routine GENBOD [26], in which the 2 gluons in the final
state can decay in qq¯ and 2q2q¯ (assuming massless quarks). We used random Q-transfers
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between 0 and 6 GeV/c, also the momenta ~pi of the outgoing quarks or antiquarks were
determined randomly, but restricted by the available phase space. An effective interaction
V (|~pi−~pj |) has been used as a weight function between the outgoing quarks or antiquarks
(with the relative momenta ~pi−~pj) in addition to the normal phase space weight. Result-
ing gluon momentum distributions dqq¯(Q) and d2q2q¯(Q) for decay into qq¯ and 2q2q¯ were
generated. By relativistic Fourier transformation [27] the sum of these distributions can









′) and Q′ = Q
√
1 + (Q2/4m2Φ), mΦ is the mass of the
2-gluon field.
In first calculations we used an attraction of the outgoing quarks or antiquarks in form of a
1-gluon exchange interaction V1g(R) = −αs/|~R |, where ~R = ~ri−~rj is the relative distance
between the emitted quarks. In momentum space the Fourier transform of this interaction
leads to V1g(∆p) = −4παs/(∆p)
2, where ∆p = |~pi − ~pj|. The resulting momentum
distributions dqq¯(Q) and d2q2q¯(Q) are peaked strongly at Q=0 and fall off rapidly to small
values for increasing Q-values. This behaviour is generated by the long range part of the
Coulomb like interaction (dashed line in the upper part of fig. 1) which falls off very slowly
with distance. It is obvious, that the interaction at large distances cannot play a role in
the quark attraction, since a possible 2-gluon density ρΦ(r) cannot extend to very large
radii (its size should not be larger than that of the low mass hadrons).
For this reason the 1-gluon exchange potential has to be modified by the density of the
generated 2-gluon field ρΦ(r). This is done by replacing V1g(R) by a folding potential
Vfold(R) =
∫
dr ρΦ(r) V1g(|R− r|) . (2)




R2dR jo(∆p · R) Vfold(R) (3)
with ∆p′ = ∆p
√
1 + [(∆p)2/4m2Φ]. As the 2-gluon density was not known initially,
our simulation procedure had to be iterated: starting with a certain density ρΦ(r) the
folding potential (2) was calculated. For the decay in qq¯ the outgoing q and q¯ are in
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a relative p-state (L=1), whereas decay into 2q2q¯ requires L=0. An approximate p-
wave density for qq¯ decay has been obtained by replacing ρΦ(r) below radii of 0.3 fm by
ρpΦ(r) ∼ j1(r/0.15)·ρΦ(r). The Fourier transform (3) was then inserted in the Monte-Carlo
simulations, from which gluon momentum distributions dqq¯(Q) and d2q2q¯(Q) were obtained
as shown in the upper part of fig. 2. By inversion of eq. (1) a Fourier retransformation of
DΦ(Q) to r-space had to be made and the resulting density ρΦ(r) compared to the one
used in eq. (2). Self-consistency of both densities was required.
Resulting momentum distributions dqq¯(Q) and d2q2q¯(Q) for a self-consistent solution (dis-
cussed below) are given in the upper part of fig. 2. These are very different for the two
decays: the decay in qq¯ falls off rapidly with increasing Q, whereas a much slower fall-off
for 2q2q¯ decay is observed. These differences can be explained by the fact, that 4 quarks
can absorb much higher momenta than 2 quarks.
The self-consistency condition for our simulations is far from trivial. The resulting density
is given in the lower part of fig. 1, which indicates clearly, that self-stabilized 2-gluon fields
are generated. The wave function is well described by a form ψ(r) = ψo {exp[−(r/a)
κ]}
with a=0.39 fm, κ=1.53 and ψo determined from the normalisation [ψ(r)]
2=1, yielding a
mean square radius < r2 > of 0.46 fm2. Further, mΦ ∼ 0.7 GeV yields the best results (see
also the last paragraph of this paper). The dashed area indicates the difference between
the initial and retransformed density, which is to a large extent due to the uncertainties
in the p-wave density ρpΦ(r) required for the simulation of dqq¯(Q). A smaller error band
can be obtained by a certain readjustment of the p-wave density ρpΦ(r), but this can be
justified only by a better model for ρpΦ(r).
A stringent test of the correctness of the extracted densities is the calculation of the
binding potential of the 2-gluon system. This can be obtained from solutions of the
Bethe-Salpeter equation, which is suitable for the description of relativistic bound state
problems. To calculate the binding potential from the 2-gluon wavefunction ψΦ(r) we can
















ψΦ(r) = EiψΦ(r) , (4)
where µ is the relativistic mass parameter, which corresponds to the reduced mass in the
non-relativistic case (∼0.18 GeV). Using a 2-gluon wave function of the form above yields
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)κ − (κ+ 1)]
]
+ Eo . (5)
Using µΦ=0.23 GeV, Eo=0, and the parameters a and κ from the self-consistent density
yields a binding potential given by the dashed line in the lower part of fig. 2. This is in
good agreement with the 1/r + linear form expected for the confinement potential [8] and
consistent with the lattice data [10]. This shows us, that the 2-gluon densities are well
extracted. Moreover, this gives us a clue on the confinement mechanism, understood as
binding of the 2-gluon system in a potential induced by a strongly suppressed decay into
qq¯ pairs.
From the extracted momentum distributions (upper part of fig. 2) we see a direct relation
to the QCD gluon propagator, which has been studied extensively in lattice QCD simula-
tions. This allows a comparison of our gauge invariant results with the gauge dependent
lattice data. For the (massive) scalar and tensor 2-gluon fields we identify the deduced
momentum distributions DΦi(Q
′) with the corresponding parts of the gluon propagator
Dgs,t(Q) = nΦ1,Φ2 DΦ1,Φ2(Q) (6)
with gauge dependent normalisation factors nΦi.
The gluon propagator should have contributions also from a vector field, where the two
gluons couple with angular momentum L=1. Different from the matter fields Φi discussed
above, this corresponds to a current field, whose density ρv(r) is suppressed at small
momentum due to angular momentum, giving rise to < r >=
∫
dτ rρv(r) = 0 (elimination
of spurious motion). Because of the suppression at small Q we have simply approximated
the vector part by Dgv(Q) ≈ nv d2q2q¯(Q), given by the dot-dashed histogramms in fig. 3
(this is in reasonable agreement with a vector density ρvec(r) = ρo(1−0.25 r/a) exp−(r/a)
with a=0.11 fm, which fullfills the above mentioned constraint < r >= 0. At high
momentum transfer the vector part is given by Dgv(Q) = 1/Q
2. This relation was used to
renormalize the lattice data discussed below.
A comparison with lattice data is made in fig. 3. In Landau gauge the gluon propagator
is purely transversal. Summing up a tensor and vector contribution yields a reasonable
description of the unquenched lattice data [22]. In Laplacian gauge the gluon propa-
gator [16, 17] contains also a longitudinal part (which exists only for massive fields).
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We show a comparison with lattice results obtained in the ∂2(II) gauge [17], for which
our fit for the transverse part is very similar to that for Landau gauge. The longitu-
dinal part is well described by a self-consistent scalar field with a wave function given
by ψs(r) = ψo {exp[−(r/a)
κ]} with a=0.34 fm, κ=1.47, and [ψs(r)]
2=1, which yields
< r2 >=0.42 fm2 and a binding potential (5) given by the dot-dashed line in the lower
part of fig. 2. The normalisation of the lattice data [17] have been done as for Landau
gauge requiring Q2 · Dgv(Q) → 1 for Q → 6 GeV/c. A comparison with lattice data
obtained in Coulomb gauge [19, 20] are made in the lower part of fig. 3. As in Landau
gauge the gluon propagator is purely transverse, however, in comparison to the lattice
data in the other gauges the vector part is significantly suppressed.
The description of the gluon propagator as Fourier transform of the 2-gluon density needs
to be tested in another way. For this we recall efforts to study the confinement mech-
anism in lattice simulations by detecting certain field configurations [28] which lead to
confinement. In the lattice studies of refs. [18, 24] a direct relation of the gluon propaga-
tor to confinement has been established by removing such vortex field configurations [28],
resulting in a strong suppression of both the gluon propagator and confinement. In our
interpretation of the gluon propagator a direct relation to confinement is already seen in
fig. 2. To study in more detail this dependence we suppressed the tensor density at higher
Q-values by about 30 % (shown by the solid line in the upper part of fig. 3). This results
in a more extended 2-gluon density with < r2 >∼0.7 fm2 and a reduction of confinement
given by the solid line in the lower part of fig. 2. The lattice studies of refs. [18, 24]
show another fact, which further supports our analysis of the gluon propagator. It clearly
indicates two contributions, from which only the low momentum part is related to con-
finement (the other part corresponds to the vector contribution given by the dot-dashed
histograms in fig. 3).
As the gluon propagator is not a gauge invariant quantity in lattice QCD, dependent on
the gauge condition ghost fields appear [19, 20, 23, 24, 25], which are strongly peaked or
even divergent in the infrared limit. In the study of ref. [24] it is shown, that also the
ghost propagator is related to confinement, which may indicate a rather complex coupling
of gluon and ghost fields in lattice simulations. In ref. [24] also a strong relation of the
running coupling constant to confinement has been found. This is the case also in our
approach, in which the effective folding potential (2) depends on the 2-gluon density. A
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detailed study of this will be the subject of further work.
A simple parametrisation the gluon propagator supports further our results. The scalar
and tensor parts of the gluon propagator are quite well described by a form Dgs,t(Q) ∼
m2/(Q2 + m2)2 with m=0.8 GeV and 1.0 GeV for the scalar (longitudinal) and tensor
component, respectively. This form suggests (see ref. [11]), that the gluon propagator is
not described by a massive particle propagator, but is related to confinement. Concern-
ing the mass, Cornwall [12] has already discussed the gluon propagator in relation to a
(relativistic) generation of mass. Clearly the fact, that the gluon propagator in Laplacian
gauge has a longitudinal component, indicates that the scalar 2-gluon field is massive.
This is also consistent with ref. [16] and studies of Pomeron-exchange [4, 5], in which a
gluon mass between 0.3 and 0.8 GeV was extracted. In our simulations best results are
obtained using m ∼0.7 GeV, which is consistent with the gluon pole mass of ∼ 0.64±0.14
GeV [16]. In our interpretation of confinement the extracted mass can be understood as
the binding energy (lowest eigenvalue of energy) of the 2-gluon system, see eq. (4), which
yields Eo=0.72±0.08 GeV.
Conclusion: We have presented a new method, which allows a Lorentz and gauge in-
variant description of the non-Abelian structure of QCD. Although our approach is very
different from lattice QCD, the same physics is described, which implies that there must be
a strong link between both descriptions. Essentially all important assets of the strong in-
teraction, confinement, mass, hadrons etc. (not seen in electromagnet interaction) should
be due to the structural diffence between QCD and QED, which is the non-Abelian struc-
ture in the form of gluon-gluon coupling. Therefore, a reliable description of this part of
QCD requires the coupling of (at least) two gluon fields, as assumed in our study. Dif-
ferently, in lattice QCD simulations only one gluon gauge field is considered explicitely.
The coupling to other gluon fields is facilitated by loop integrations. It is clear, that this
more indirect way to describe the physics of gluon-gluon coupling must be technically
much more involved than our direct method, further it is far more difficult the get insight
into the underlying physics. By relating gluon loops to our 2-gluon fields (recall that Wil-
son loops are gauge invariant as our 2-gluon fields) one may understand, that Wilson’s
confinement picture (by evaluating closed gluon loops around separating quarks) must
correspond to our interpretation of confinement as binding of 2-gluon fields.
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Figure 1: Upper part: 1-gluon exchange potential (dashed line) and folding potential (2)
(solid line). Lower part: deduced 2-gluon density for the tensor part with error band from
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Figure 2: Upper part: Resulting 2-gluon momentum distributions (multiplied by Q2) for
decay in qq¯ and 2q2q¯ and sum D(Q). Lower part: Binding potential (5) given by the dot-
dashed (scalar) and dashed (tensor) lines in comparison with the confinement potential
from lattice calculations [10]. The solid line corresponds to the binding potential of a
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Figure 3: Data on the gluon propagator from lattice QCD calculations, in Landau
gauge [22] (upper part), in the Laplacian ∂2(II) gauge [17] (middle part), and in Coulomb
gauge [19, 20] (lower part) in comparison with our simulations. For the three cases the
tensor component is given by solid histograms, the vector component by dot-dashed his-
tograms and the sum of both is compared with the lattice data. The solid line corresponds
to a less confined 2-gluon density discussed in the text.
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